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DECOMPOSITION OF B(G)

TIANXUAN MIAO

ABSTRACT. For any locally compact group G, let A(G) and B(G) be the
Fourier and the Fourier-Stieltjes algebras of G, respectively. B(G) is decom-
posed as a direct sum of A(G) and B*(G), where B*(G) is a subspace of B(G)
consisting of all elements b € B(G) that satisfy the property: for any € > 0
and any compact subset K C G, there is an f € L'(G) with ||f|lc+(q) < 1
and supp(f) C K¢ such that [(f,b)| > [|b]| — €. A(G) is characterized by
the following: an element b € B(G) is in A(G) if and only if, for any € > 0,
there is a compact subset K C G such that |(f,b)| < € for all f € L!(G) with
[fllc(@y <1 and supp(f) C K°. Note that we do not assume the amenabil-
ity of G. Consequently, we have ||1 +a| = 1+ ||a| for all a € A(G) if G
is noncompact. We will apply this characterization of B*(G) to investigate
the general properties of B*(G) and we will see that B*(G) is not a subal-
gebra of B(G) even for abelian locally compact groups. If G is an amenable
locally compact group, then B®(QG) is the subspace of B(G) consisting of all
elements b € B(G) with the property that for any compact subset K C G,
Ib]l = sup { labl] : @ € A(G), supp(a) C K* and [a] < 1}.

1. INTRODUCTION

For any locally compact topological group G, let A(G) and B(G) be the Fourier
and the Fourier-Stieltjes algebras of G, respectively. If G is abelian, then G has
the dual group &, and A(G) ~ L(G) and B(G) ~ M(G), the space of all bounded
measures on (. By the Lebesgue Decomposition Theorem, M(@) = Ll(é) @
M, (@), where M,(G) is the subspace of M(G) consisting of all the measures in
M (G) that are singular to the Haar measure on G. If G is an amenable locally
compact group, Flory in [10] proved a Lebesgue-type decomposition theorem for
B(QG) (also see Pier [19], p. 210). Amenability plays a key role in his proof. Arsac
[1] showed that B(G) is a direct sum of A(G) and a subspace B*(G) of B(G) for
a general locally compact group. The main purpose of this paper is to study the
properties of A(G) and B*(G). It is well known that A(G) C Cy(G) N B(G), but
A(G) # Co(G) N B(G) even for some [AR] groups (see Baggett and Taylor [2], and
also Taylor [21]). We characterize A(G) by the following: an element b € B(G)
is in A(G) if and only if, for any € > 0, there is a compact subset K C G such
that [(f,b)| < e for all f € L*(G) with ||f||c=() < 1 and supp(f) C K°. Note
that we do not assume the amenability of G (see Flory [9] for the case of amenable
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locally compact groups). We will prove in this paper that B*(G) is a subspace
of B(G) invariant under convolution by the elements of M(G), consisting of all
elements b € B(G) that satisfy the property: for any € > 0 and any compact subset
K C G, there is an f € LY(G) with ||f|c+) < 1 and supp(f) C K€ such that
[{(f,b)] > ||b|| —€. Consequently, we have that 1 € B*(G) and so ||1+a| =1+ |a]|
for all @ € A(G) if G is noncompact. It is well known that, when G is amenable,
I6]] = sup{||ad] : a € A(G), |la|| < 1} for all b € B(G). We will also characterize
A(G) and B*(G) in terms of this multiplier norm condition on B(G) for amenable
locally compact groups. Then we will apply these characterizations of B*(G) to
investigate the general properties of B*(G). We will show that, for instance, b €
B(G) is positive definite (or hermitian) if and only if b can be decomposed into a
direct sum of positive definite (or hermitian) elements b, € A(G) and bs € B*(G).
If b € B*(G) is hermitian, then b, b~ and |b| are also in B*(G), where b = b+ — b~
is the Jordan decomposition of b. It is well known that A(G) is a closed ideal of
B(G). We will see that B*(G) is not a subalgebra of B(G) even for some abelian
locally compact groups, and we will also show that B*(@G) is invariant with respect
to subgroups and quotient groups for some subgroups. The main ingredients of the
proofs are the Arsac’s decomposition theorem mentioned above and the following
theorem.

Theorem 1.1. A bounded sequence f, € C(Q) is weakly convergent to f € C(Q)
if and only if f,, is pointwise convergent to f, where Q) is a compact Hausdorff space
and C(Q) is the Banach space of all bounded continuous functions on Q with the
sup-norm (see Diestel [5], p. 66).

We organize this paper as follows. In section 2, we collect the notations, defini-
tions and some known results that will be used in this paper. In section 3, we give
characterizations of A(G) and B*(G). These are the main results of this paper. In
section 4, we will study some properties of B*(G) by applying the characterization
theorems proved in section 3. In section 5, we will apply this decomposition theo-
rem to study the Dunford-Pettis property of B,(G) and to prove a result concerning
the norm of 1+ a for any a € A(G). In section 6, we will discuss the case of p # 2.

2. PRELIMINARIES AND SOME NOTATIONS

Let G be a locally compact group with a fixed left Haar measure A. If G is
compact, we assume A(G) = 1. For any f : G — C, and = € G, the left [right]
translation of f by x is defined by . f(y) = f(zy) [f=(v) = f(yx)]. The support of f
is denoted by supp(f). Let LP(G) be the associated Lebesgue spaces (1 < p < o).
We say that G is amenable if there exists an m € L*°(G)* such that m > 0, m(1) =
1 and m(zf) = m(f) for all x € G and f € L*°(G). Properties of amenable groups
can be found in Greenleaf [12], Paterson [18] and Pier [19].

We denote the modular function of G by A. For a subset E of GG, the characteristic
function of E is denoted by 1g and the complement of F in G is denoted by
E¢c = G ~ E. Let Q be any topological space. C(Q) is as usual the Banach
algebra of all continuous bounded functions on 2 with uniform norm and pointwise
multiplication. The Dirac measure d, at € Q is defined by (d, f) = f(z) for
feC(Q). If X and Y are Banach spaces in duality, o(X,Y’) will denote as usual
the weakest topology on X which makes all linear functionals in Y continuous. X*
is the conjugate Banach space of X and B(X) denotes the space of continuous linear
operators from X to X. If different norms will sometimes occur on X we will write
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II“llx. Let x € X and f € X*, the value of f at z, f(z), is sometimes denoted
by (f,x) or (z, f) in duality. If H is a Hilbert space, (z,y) is the inner product
of z and y in H. This notation does not cause any confusion since H* = H for a
Hilbert space.

Let G be a locally compact group with unit e. For any complex-valued function
f on G, we define as usual

f@) = f@™), f(a) = @) and f*(x) = (ﬁ

Let A(G) and B(G) be the Fourier and the Fourier-Stieltjes algebras of G, re-
spectively (see Eymard [8] for A(G) and B(G)). A(G) consists of all functions on
G in the form of f x g for f,g € L?(G) and the norm of an element a € A(G) is
given by

Vflz), zed.

lall = inf{llfl2llgll2: a = f * g, f,9 € L*(G)}.

Actually, this infimum can be attained and A(G) has a bounded approximate iden-
tity if and only if G is amenable. Occasionally, we will use the following fact: for
any compact subset K of G, there is an axg € A(G) such that ax = 1 on K and
supp(ak) is compact (see Pier [19], Theorem 10.4 (a)). If G is amenable, this ax
can be chosen in such a way that ||ak|| is arbitrarily close to 1.

It is known that B(G) is the linear span of the set P(G) of continuous positive
definite functions on G and B(G) is also the Banach space dual of the group C*-
algebra C*(G). An element b € B(G) is a positive functional on C*(G) if and only
if b is positive definite, and b is a hermitian functional on C*(G) if and only if b = b
(see Eymard [8]).

Let b € B(G) be hermitian. Then there are unique positive definite functions b
and b~ such that b = b+ — b~ and [|b|| = ||b™|| + ||b~||. This is called the Jordan
decomposition of b. Furthermore, the absolute value |b| of b with respect to the
polar decomposition of b is equal to b™ + b~ (see Eymard [8], (1.3)).

Let C7(G) be the reduced group C*-algebra and let B,(G) be the dual of C;(G).
Then both A(G) and B,(G) are closed ideals of B(G). C;(G) = C*(G) if and only
if G is amenable.

Let m be a continuous unitary representation of G on a Hilbert space H,. For
any &,n € Hy, the coefficient function defined by f(z) = (w(x)£,n) is an element of
B(G). We define A,(G) to be the norm closure of the subspace of B(G) consisting
of all the coefficient functions with respect to the representation 7. If p is the
left regular representation of G and & is the universal representation of GG, then
A(G) = A,(GQ) and B(G) = As(G). The following decomposition theorem is an
immediate result of Theorem 3.18 and Corollary 3.13 in Arsac [1].

Theorem 2.1. Let G be a locally compact group. Then there is a unique continuous
unitary representation ™ of G such that B(G) = A(G) @ A-(G), and p and 7 are
disjoint (see [7] or [1] for the notion of disjoint representations).

We will denote A,(G) in Theorem 2.1 by B*(G). For each element b in B(G),
the decomposition of b in Theorem 2.1 is denoted by b = b, + bs, and is called
the Lebesgue-type decomposition of b, where b, € A(G) is called an ultraweakly,
continuous functional on C*(G) and bs € B*(G) is called a singular functional
on C*(G) i.e., the Lebesgue-type decomposition of b is the following:

b = by + bs with [|b]| = [|bu | + [|bs]|, whereb, € A(G) and bs € B*(G).
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3. CHARACTERIZATIONS OF A(G) AND B*(G)

In this section we will characterize A(G) and B*(G) in terms of some elementary
properties of functions on G. Corollary 3.8 and Corollary 3.9 are our main results.
For any f € L'(GQ) and subset K of G, supp(f) C K¢ means flx = 0 almost
everywhere with respect to the Haar measure.
Let B(G) be the subset of B(G) consisting of all elements b € B(G) that satisfy
the following;:
for any € > 0, there is a compact subset K C G such that |(f,b)] < e
for all f € L'(G) with || f|lc+(e) < 1 and supp(f) C K°.

Let B(G) be the subset of B(G) consisting of all elements b € B(G) that satisfy
the following:
for any € > 0 and any compact subset K C G, there is an f € L'(G)
with || fllc+(q) < 1 and supp(f) C K¢ such that [(f,b)| > [|b]| — .

We will show in this section that A(G) = B(G) and B*(G) = B(G).

Proposition 3.1. Let G be a locally compact group. Then A(G) C E(G)

Proof. This is a special case of Proposition 6.1. O
Proposition 3.2. Let G be a locally compact group. Then the canonical mapping
7w : B*(G) — B(G)/A(G) is a linear isometry. Consequently, for any b+ A(G) €
B(G)/A(G), bs € B*(G) is the unique element in b + A(G) such that ||bs|]| =
b+ A(G)||, where b = b, + bs is the Lebesgue-type decomposition of b.

Proof. 1t is obvious that 7 is linear. Let bs € B*(G). Then, for any a € A(G),
[[bs — all = [|bs]| + [lall. Hence
[7(bs)|| = inf {[|bs — al| - a € A(G)} = [[bs].

Let b = by, + bs be the Lebesgue-type decomposition of b, where b, € A(G)
and by € B*(G). Thus, bs € b+ A(G). So ||bs|| = ||7(bs)]| = ||b + AG)|. If
b € b+ A(G) with ||V/|| = ||b+ A(G)||, then by — b € A(G). Hence b/ = (b’ —bs) + bs
is the Lebesgue-type decomposition of b’ by the uniqueness of the decomposition.
So [[t']| = [ = bl + [|bs]|. But [[t']| = [|b+ A(G)[| = [|bs]|. Therefore [|b" — bs|| = 0
and so b’ = b,. O

Let K be a compact subset of G. We denote
Ag(G) ={ue€ A(G) : supp(u) C K'}

The following lemma is contained in the proof of Theorem B; in Granirer and
Leinert [11] (p. 464). It plays an important role in the proof of our main result.

Lemma 3.3. Let G be a locally compact group. Then Ak (G) is a o(B(G),C*(G))-
closed subspace of B(G).

Let N be a closed normal subgroup of G and let 7 : G — G/N be the canonical
map. For any f € L'(G), f(2) = [y f(x€) d¢ defines a function in L'(G/N), where
z =7y (x) for x € G. Moreover, there is a Haar measure on G/N such that

/G/N{/N f(xé)dﬁ}dﬁ:=/G f(x) da
for all f € L'(G) (see Reiter [20], pp. 59, 70).
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In addition, if N is compact, then A(G/N) may be identified with the subalgebra
of A(G) consisting of the functions which are periodic with respect to V. Moreover,
My : A(G) — A(G/N), defined by (My(u = [y w(zf)d¢, @ = mn(x) € G/N,
is a Banach space retraction (see Herz [13] p 106)

To obtain the main results of this paper, we will need an analogous result for
B(G) and the technique of its proof to reduce the case to second countable groups.

Proposition 3.4. Let N be a compact subgroup of a locally compact group G. If
m: G — B(H;) is a continuous unitary representation of G on a Hilbert space H,
then P € B(H,), defined by

(PE.n) = /N (e mdt, &€ Hy,

is a self-adjoint projection with |P|| < 1. If, in addition, N is a normal subgroup
of G, then PH, is a w(QG)-invariant subspace of Hy. Furthermore, @ : G/N —
B(PH), defined by

(r(@)E,m) = /N (r(tx)e, ) dt, €€ PH,.

is a continuous unitary representation of G/N on the Hilbert space PH, and
7(2)¢ = n(x)§ for all§ € PH.

Proof. 1t is obvious that P is linear and, for any &,n € H,,

Pénl—l/ )&, n) dt |

/ [(m(t)E, m)| dt
< /N Il il d

= [IglHnll-

So P € B(H,) with ||P|| < 1. To prove that P is a self-adjoint projection, for any
&,m e Hy, we have

(PPE.m) = /N /N (r(trt2)Em) diadts = /N /N (r(t2)€m) dtsdts = (PE.m),

and by a similar calculation using the fact that N is compact and unimodular, we
have (P*¢,m) = (P¢,n). Hence P? = P and P* = P.
Let N be normal. For any P¢ € PH, and n € H;, we have

<P7T Pf ’I] / / tg tl)f ’I7> dtldtg

_ / / (n( (& tow) £1)€, ) dirdis
/ / w(wt1)é, n) diydts

x) P&, )

since N is normal and so 7 'tex € N for all to € N. Thus, Pr(z)P¢ = n(x)P¢
and PH, is 7(G)-invariant.
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Now we show that 7 is well defined. In fact, if & = g in G/N and £,9 € PH,,
then

(m(@)€,m) = (7

Vi
/ / m(t1y)&, m) dt1dts
N

= (7 ()&, m)

since ztay~' € N for all t2 € N and N is unimodular. Thus, 7(2) = #(y). If
&,ne PHy, then

(&) PE&,n)

/ m(t1 (wtay ™ )y)E, n) dtrdts

2
2

2

G (E)E, ) = /N (r(t)€, ) dt

- / (m(@)E, m(t~ )t
N

= (m(x)§, Pn) = (w ()&, m).
So m(&)¢ = w(x)€. Also, since PH, is w(G)-invariant, 7(£)€ = w(x)¢ € PH, for all
¢ € PH, and it is clear that 7 (&) is linear and bounded. For any &,y € G/N,

#(i9) = nlwy) = T(@)n(y) = 7(#)7(G) on PHy.
This shows that 7 is a homomorphism. Also,we have

(7(2))* = (n(z))* = n(z™) = #(&™") on PH,.
So (i) is unitary. For any SOT-open set O in B(PH), #~1(O) is open in G/N
since Iy ' (#71(0)) = (7)~*(0) is open in G, where 7 : G — B(PH,) (the
restriction of 7 onto P H, ) is a continuous unitary representation of G and Il : G —
G/N is the canonical map. O

Corollary 3.5. Let N be a compact subgroup of a locally compact group G. If
b € B(G), then b (x) = [, b(tz)dt defines an element of B(G) with ||b™]| < [|b]]
and bV is constant on each nght coset of N in G. If, in addition, N is a normal
subgroup of G, then b( = [y b(xt)dt defines an element of B(G/N) with 6] <
[6]l. Furthermore, b = bN if we consider B(G/N) as a subspace of B(G) (see
Eymard (8], (2.26)).

Proof. Let b(z) = (w(x)&,n) for a continuous unitary representation (7, H.) of G,
where H, is a Hilbert space and &, n € H, with ||b]| = ||€|||ln]| (see Eymard [8],
(2.14)). Then

¥(@) = [ (ntta)en) dt = (Pr@)en) = (rl@)e P). 7€ G.
where P € B(H) defined in Proposition 3.4 is a self-adjoint projection with || P|| <

1. Hence b € B(G) and [[b™]| < [I€[[[|Pn]| < [o]-
Let N be normal. Then, for any = € G,

/ / b tliEtQ dtldtQ —/ / b 1t1$ tQ)dthtl
- / / b(ats) dbsdty = b(x)
N JN
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since N is normal and 2z~ 't;jx € N for all t; € N. On the other hand, since
2 1tox € N for all t5 € N and N is unimodular, we have

/ / b tlilitQ dtldtQ —/ / b tl ZZ?tQZIJ )dtldtQ
= / / b(tyz) dtydty = b ().
N JN
Hence bN (z) = b(z) for all z € G.

Let (7, PH;) be the continuous unitary representation of G/N as in Proposi-
tion 3.4. Hence we have

(7(2) P, Pn) = (m(x) P, Pn)

/ m(t1)€, m(ta)n) dtz dty
[tz L)t )€, ) dtadty

I
z\z\z\

2

2

2

/ (Etl f ’I] dtldtg

b(l‘tl) dtl

()
since ™ty 'z € N for all t; € N. Therefore, b € B(G/N) and ||b|| < || PE|||| Pyl <
I€llllnll = [1b]l (see Eymard [8], (2.14)). 0

|
o
z

Corollary 3.6. Let N be a compact normal subgroup of a locally compact group
G and let My : B(G) — B(G/N) be the retraction defined in Corollary 3.5 by
My (b) = b. If we regard L'(G/N) as a subspace of L'(G) consisting of peri-
odic functions on G with respect to N, then, for any f € L*(G/N) C B(G/N)*,
My (f) = f e LNG) € B(G)* and ||fllc=c) = I flle=@/ny-

Proof. For any b € B(G), we have

(My(f),b0) = (f, Mn (D))
- / F@)b(i) di
G/N

- /G N [ £ dey ai

:/ f(z)b(x) dzx
G
= (f,b)

since f is constant on each coset of N in G. Therefore, M} (f) = f.
By the proof of (2.26) in Eymard [8], ||fllc+@/n) < |fllc=(@)- Also, by Corol-
lary 3.5,

a) = IM{ (e
&) = Iflle=a/ny- O

«a/n) < I flle=@/my-
Therefore

Now we are ready to prove our main theorem.



4682 TIANXUAN MIAO

Theorem 3.7. Let G be a locally compact group. Then B*(G) C B(G).

Proof. If G is compact, then B*(G) = {0}. Hence B*(G) C B(G). Suppose G

is noncompact. Let b € B*(G) be with ||b] = 1. To show that b € B(G), let
a compact subset K of G and € > 0 be given. Since [|b — al = ||b]] + |la|| > 1
for any a € A(G), by the Hahn-Banach theorem, there is an F' € B(G)* such that
|1F) <1, (F,b) =1and (F,a) =0 foralla € A(G). Since B*(G) = (C*(G))**, and
LY(G) is norm dense in C*(G), by Goldstine’s theorem, there is a net f, € L'(G)
in the unit ball of (C*(G))** such that f, — F in the o(B*(G), B(G))-topology.
Hence (fq,a) — (F,a) = 0 for all a € A(G) and (f,,b) — (F,b) = 1. Let ¢, be a
complex number with absolute value 1 and |{fu,b)| = (¢afa,b). So {cafa,a) — 0
for all a € A(G), (cafa,b) = 1, (cafa,b) > 0 and |lcafallc+@) = |l fa
We assume, without loss of generality, that (fq,b) is real and (f,,b) > 1 — ¢ for all
a.

Choose an open-closed o-compact subgroup Gy of G such that K C Gy. For
eachn > 0, let V, = {z € G : ||zb—b|| + [[br — b|| < 2}. Since the left and
right translations of b define continuous functions from G to B(G) (this follows
from the fact that b(t) = (7 ()¢, n) for some continuous unitary representation 7
and ||b]| < [I€llInl]), Vn is an open neighborhood of e. There is a compact normal

subgroup N of Gy such that N C Gy N ( ﬂ V,.) and Gy/N is second countable

(see Hewitt and Ross [14], (8.7), p. 71). Hence b is a periodic function on G with
respect to N.

Next we will show that we can assume f, is constant on each right coset of IV
in G. For each «, we assume, without loss of generality, that f, is continuous with
compact support. First, we show that f2(z) = [y fa(tz)dt defines an element of
L'(G) with the properties that

(N By >1—€ and (fN,a) =0

«

£

for all a € A(Go/N), and fY is constant on each right coset of N in G. In fact, it
is clear that £ € L1(G) (see [20], (4.8)) and f2 is constant on each right coset of
N in G. For any u € B(G), we have,

//fa te)u(z) dt dz

/ / fa(tz)u(x)dxdt  (by Fubini’s theorem, see [20], (4.8))

/ / falz x)dzdt

= / / fa(z)u(t™*z)dtdx  (by Fubini’s theorem)
/ / fa(@)u(tx)dtdez  (by the compactness of N)

= (fa,u®).
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Hence [(fN,u)| < ||fa

I1fal

Nl < Jlul| by Corollary 3.5. It follows that

<f(i\7’ > <foubN> <foz7 >>1_€ and (fév,a>:<fa,aN>=<fa,a>—>

for all a € A(GO/N) C A(G) since both a,b € B(G) are constant on each right
coset of N in G (so a” = a and bY =1b).

Thus, taking fV if necessary, we may assume, without loss of generality, that f,
is constant on each right coset of N in G.

Choose ax € A(Go/N) such that ax = 1 on the compact set K and supp(arx)
denoted by K is a compact subset of Go/N. Then ax € A(G) since A(Go/N) C
A(Gy).

Since Go/N is second countable, L?(Gy/N) is norm separable. So A(Gy/N) is
separable in norm by the definition of A(Go/N). Hence, the fact of (f,a) — 0 for
all a € A(Gy/N) and || fo|| <1 implies that there is a sequence { f,, } of {fa} such
that (fa,,a) — 0 for all a € A(Gy/N). In fact, since A(Gy/N) is separable, the
weak*-topology on the unit ball of A(Gy/N)* is metrizable. f, — 0 in the weak*-
topology on the unit ball of A(Gy/N)* implies that there exists a sequence {fy, }
of {fa} such that f,, — 0 in the weak*-topology on the unit ball of A(Gy/N)*.
Hence (fq,,a) — 0 for all a € A(Go/N).

Let Q be the unit ball of Ak, (Go/N). Since K is a compact subset of Gy/N,
Q is compact in the o(B(Go/N),C*(Go/N))-topology by Lemma 3.3. For each
n, by Corollary 3.6, fa, lg, € L'(Go/N) is a o(B(Go/N),C*(Go/N))-continuous
function defined on €. Also,

[{fanlce, @)l = [{fa,,a) <1, foralla € Q.

Hence, || fa,lcollc@) < 1. Thus, the fact of f,,1g, — 0 pointwisely on € implies
that fo,1g, — 0 weakly in C(f2) (see Diestel [5], p. 66). Therefore there are positive
numbers 31, 8o, ..., Bm and an,, Qn,, ...,y such that

m

Z pi=1 and || Z Bi fon, 1aollc@) < €llax| ™"

i=1 =1

Let g = ak Z Bi fan, 1G,- Then , since ax =1 on K, g = Z Bi fan, 1G, on K.

=1
Furthermore, ||g||c*(G) < e. In fact, for any v € B(G) with |Jul| < 1, since N is a

normal subgroup of Gy and axu € A(GO) C B(Gp), by Corollary 3.5, we have
(axu) = (axu)N = axu® € Ak (Go/N).
By the previous calculation in this proof, ¢V =g and |[u’V] < |ul| <1, we have

(g, u)| = (g™, u)| = (g, u™)]
=" Bi fan, Lo axu™)|

=1

<17 Bi fan, Laollo@ - laxu™ | < e

i=1

Let h = 21 Bi fan,- Then ||h]lc+(q) < E Bill faun,lc+@) < 1. Set f =h—g.
Then -
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(1) since g =h on K, supp(f) C K¢

() Ifllc=c) < IIhllc- @ <1l+e¢
(3) since [(g,0)] < [|gllc=(@)Ibll < €, we have the following

|<f7b>| |<h b>|_ | 97 |_ Z 5zfo¢nI —|<g, >| >1— 2e.

i=1

Therefore, b € B(G) and B*(G) C B(G). O

Corollary 3.8. Let G be a locally compact group. Then B*(G) = E(G)

Proof. We will show that B(G) C B*(G). Let b € B(G). We will show that
16l = 1|6+ A(G)||. For any a € A(G), by Proposition 3.1, a € B(G). Hence, for
any e > 0, there is a compact subset K of G such that for any f € LY(G) with

‘@ < 1 and supp(f) C K* we have |(f,a)| < e. Since b € B(G), there is an
fe Ll(G) y < 1 and supp(f) € K€ such that |(f,b)| > [[b]| — €. So
| (f,a)| < € for this f and

1b—all = [{f,b—a) | = [{f,b) [ = [{f,a)| > [[b]| - 2e.

Hence |[b — al| > [[b[|, and [|b]| = inf{|b - all : a € AG)} = |[b+ A(G)]|.
follows from Proposition 3.2 that b = bs. Therefore b € B*(G). By Theorem 3.7,

B*(G) = B(G). O

Corollary 3.9. Let G be a locally compact group. Then A(G) = E(G)

Proof. We show that B(G) C A(G). Let b € B(G). Suppose b = b, + b, is the
Lebesgue-type decomposition of b. Then |[b]| = [[bu|| + [|bs]|, and b, € A(G) and
bs € B°(G). It is obvious from the definition that B(G) is a subspace of B(QG).
By Proposition 3.1, b, € B(G). Hence b, = b — b € B(G). For any € > 0, there
is a compact subsct K of G such that |(f,b — b,)| < € for all f € LY(G) with
) <1 and supp(f) C K°. It follows from Theorem 3.7 that by = b — b, €

BS(G) C B(G). So there is an f € LY(G) <@ < 1 and supp(f) C K¢
such that

(0= bu)| = [{f,05)] > [|bs]| — €= [[b—bu] — e
Hence, ||b — b, || < 2e. Since € is arbitrary, b = b, is in A(G). Therefore, B(G) C
A(G) and B(G) = A(G) by Proposition 3.1. |
It is known that (see Pier [19], p. 209) when G is amenable, for any b € B(G),
[bll = sup{llad]| : a € A(G),]|al] <1}

We will characterize A(G) and B*(G) in terms of the multiplier norm condition
above.
Theorem 3.10. Let G be an amenable locally compact group and let b € B(G).
Then
(1) b € A(G) if and only if b satisfies the following: for any € > 0, there exists a
compact subset K of G such that

(%) sup{|lab]| : a € A(G), [la]| <1 and supp(a) S K} <e.



DECOMPOSITION OF B(G) 4685

(2) b € B5(G) if and only if b satisfies the following: for any compact subset K
of G,

Ib]] = sup {||ab]| : a € A(G), ||la]| <1 and supp(a) C K}.

Proof. (1) Let b € A(G) and ¢ > 0 be given. Since the set of the elements of
A(G) with compact support is dense in A(G), there is an ax € A(G) with compact
support K such that [|b — ak| < 3e. So for any a € A(G) with [la|| < 1 and
supp(a) € K¢, we have ||lab|| = [lab— aax| < ||a|| b — ak|| < €. Therefore, (x) is
satisfied.

Conversely, let b satisfy (x) and ||b]| = 1. Let € > 0 be given. Then there is a
compact subset K of G satisfying (*). Since G is amenable, there is an ax € A(G)
such that ax = 1 on K, |lak| < 2. By the multiplier norm condition above,
there is an @ € A(G) with ||a|| < 1 and ||ab(1 — ak)|| > ||b(1 — ak)|| — €. Since
a(l —ag) € A(G) and supp(a(l —ak)) C K€, by (x), we have

|6 —axd| < |lab(l —ag)||+ €< |la(l —ak)|le+ e < 4e.
Note that axb € A(G), so b is a norm limit of elements in A(G). Therefore
be AQ).

(2) Suppose b € B*(G) and ||b|| = 1. Let a compact subset K of G be given. For
any € > 0, by Corollary 3.8, there is an f € L'(G) such that supp(f) is compact,
| fllc+@) < 1and [(f,b)] > 1 —e. Since G is amenable, there is an ax € A(G) with
the properties ax = 1 on K |J(supp(f)) and |lax| <1+ €. So

lardll = [(f,axb)| = [{f,b)] > 1 —e

Since b € B*(G) and axb € A(G), ||b — axb| = ||b|| + ||laxd| > 2 — € by the
norm condition of the Lebesgue-type decomposition of b — axb. Hence there is an
a € A(G) with ||a]] < 1 such that ||a(b — axbd)|| > 2 — € by the multiplier norm
condition above. Let u = fa(l — ax). Then |[ul| < 1+ %€, supp(u) C K¢ and
|ubl]| = [[a(1 — ax )b|| > 1 — Se. Therefore

[} = sup {||abl| : a € A(G), [lal]| <1 and supp(a) S K°}.

Conversely, let b satisfy that for any compact subset K of G,

[} = sup {llab]| : a € A(G), ||al]| <1 and supp(a) C K°}.
Suppose ||b|| = 1 without loss of generality. Then for any compact subset K of G and
any € > 0, there is an a € A(G) with ||la|| < 1, supp(a) C K€ and ||ab|| > 1 —e€. By
the definition of the norm of ab in A(G), there is an f € LY(G) with || f[|c+(e) < 1
and |(f,ab)] > 1—e. So af € L'(G) with ||af||c-(c) < 1 such that [(af,b)| >1—¢

and supp(af) C K¢. Thus b € B(G). Therefore b € B*(G) by Corollary 3.8. O

4. PROPERTIES OF B*(G)

In this section we will investigate the basic properties of B*(G). Let M(G)
be the space of all bounded measures on GG. The convolution invariant property
by elements of M(G) follows from [1]. Then we will apply our characterization
theorems proved in section 3 to study some other properties of B*(G). We will
show that b € B(G) is positive definite if and only if both b, and b, are positive
definite, and b € B(G) is hermitian if and only if both b, and bs are hermitian.
Consequently, we have that if b € B(@), then b € B*(G) and if b € B%(Q) is
hermitian, then b*,b~ and |b] are all in B*(G), where b = b™ — b~ is the Jordan
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decomposition of b;. We will also prove that B*(G) is invariant with respect to
subgroups and quotient groups. Then we will use this property to show that B*(G)
may not be a subalgebra of B(G) even when G is abelian.

Let M be a von Neumann algebra and let M, be its predual. Then M, has the
left [right] M-module structure: if T € M and v € M,, T.u [u.T] is an element in
M., defined by, for any S € M, (T, S) = (u, ST) [(v.T,S) = (u,TS)].

Let 7 be a continuous unitary representation of G on a Hilbert space H;. VN, (G)
will denote the von Neumann algebra generated by 7(G) in B(H,). Then the
predual of VN.(G) is Az(G) (see [1], p. 13). If u € M(G) and a € A(G), then
w.a = ax* (Af) and a.u = [ * a (see Proposition 2.8 in [1]), where f is defined
by [o f(x)di= [, f(z™")dp for each continuous function f on G' with compact
support.

Theorem 4.1. Let G be a locally compact group. For any T € VN, (G),T.A-(G)
C A (G) and A (G).T C A (G). In particular, A, (G) is invariant under transla-
tions by elements of G and invariant under convolution by the elements of M (G)
from both left and right.

Proof. This follows from Proposition 3.16 and Proposition 2.8 in [1]. O

Corollary 4.2. Let G be a locally compact group. Then both A(G) and B*(G) are
imwvariant under translations by elements of G and invariant under convolution by
the elements of M(G) from both left and right.

Proof. This is an immediate consequence of Theorem 4.1 and the facts that A(G) =
A,(G) and B*(G) = Ax(G), where p is the left regular representation of G and 7
is a continuous unitary representation of G (see Theorem 2.1). |

Theorem 4.3. Let G be a locally compact group. Let b € B(G) and b = b, + bs be
the Lebesgue-type decomposition of b. Then b is positive definite if and only if both
by and bs are positive definite.

Proof. If both b, and by are positive definite, it is obvious that b = b, + b is also
positive definite.

Conversely, let b be positive definite. Then b is a positive functional on C*(G).
Let {fa} be a bounded approximate identity in C*(G) (see Theorem 3.1.1 and
Theorem 3.3.3 in Murphy [16]). Then

[1Bull 1165 = (bl = lim (b, f) = Lim (b, fr) + lim (bs, f3)-

Since limy (by, fa) < ||bu]l and limy (bs, fr) < ||bs||, limyx (by, fr) = ||bu|l and
limy (bs, fn) = ||bs]|- Therefore, both b, and bs are positive functional on C*(G)
(see Theorem 3.3.3 in Murphy [16]), so both are positive definite. |

Corollary 4.4. Let G be a locally compact group. Suppose b € B*(Q) is hermitian.
Ifb = bt —b~ is the Jordan decomposition of b, where b™ and b~ are positive definite
with ||b]] = bt(e) + b~ (e), then bt € B*(G) and b~ € B*(G). Consequently,
|b| € B*(G).

Proof. Suppose b € B*(G) is hermitian and b = b+ —b~ is the Jordon decomposition
of b (see Eymard [8], (1.3)). Let

b = (b )u+ (b7)s and b™ = (b7 )y + (b7 )s
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be the Lebesgue-type decompositions of b+ and b~ respectively. Then (b™),,, (b7 ),
€ A(G) and (b1)s,(b7)s € B*(G) are positive definite by Theorem 4.3. By the
uniqueness of the decomposition,

b= ((b+)u - (b_)U) + ((b+)s - (b_)S)
is the Lebesgue-type decomposition of b.
Since b € B*(G), by the uniqueness of the Lebesgue-type decomposition of b
again, (b%)y = (b7 )y. So b= (b*)s — (b™)s. Hence,
(b)s(e) + (b7)s(e) = (6T )sll + 11(67)s]

> [l =07 (e) + b7 (e)

= (0%)ule) + (b%)s(e) + (07 )ule) + (b7)s(e)
implies

HOF)ull + 107 )ull = (0F)ule) + (b7 )ule) = 0.

Therefore (b1), = (b7), =0, and so b™ = (b*); € B*(G) and b~ = (b™)s € B%(G).
Consequently, |u| = b+ + b~ (see Eymard [8], (1.3)) is in B*(G). O
Corollary 4.5. Let G be a locally compact group. Suppose b € B(G) is positive

definite. Then b is a singular functional (i.e., b € B*(G)) if and only if there are
no a € A(G) such that 0 < a < b as functionals on C*(G).

Proof. Let b € B*(G) be singular. Suppose thereisana € A(G) suchthat0 <a <b
as functionals on C*(G). Since b—a = (—a)+(b) is the Lebesgue-type decomposition
of b — a, we have ||b — a|| = ||b]| + ||a]|. On the other hand, since a,b and b — a are
positive definite,

6]l = b(e) = (b(e) — ale)) + ale) = [|b— all + [la]l = [|b]] + 2{[a].-

Hence |la|| = 0 and a = 0.

Conversely, suppose there are no a € A(G) such that 0 < a < b as functionals
on C*(G). Let b = b, + bs be the Lebesgue-type decomposition of b. Then, by
Theorem 4.3, both b, and bs are positive definite. So 0 < b,, < b as functionals on
C*(G). Thus, b, = 0. Therefore b = b; € B*(G). O

Corollary 4.6. Let G be a locally compact group. Then b € B(G) is a singular
functional if and only if b is a finite linear combination of singular positive definite
elements of B(G).

Proof. Each bounded linear functional b on C*(@) is a finite linear combination
> a; b; of states b; on C*(G). Then

b= Z a; b))y + Z a; (b;)s, where b; = (b;), + (b;)s for each i.

If b is singular, then b = > «; (b;)s by the uniqueness of the decomposition. By
Theorem 4.3, each (b;)s is positive definite.

Conversely, since B*(G) is a subspace, a finite linear combination of singular
functionals on C*(G) is itself a singular functional on C*(G). O

Proposition 4.7. Let G be a locally compact group. Ifb € B*(G), then b € B%(Q).
Furthermore, if b € B(G) and b = b,, + bs is the Lebesque-type decomposition of b,

then so is b= (by) + (bs). Consequently, we have that b is hermitian if and only if
both b, and bs are hermitian.
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Proof. Let b be singular. By Corollary 3.8, b € E(G) We will show that b is also
singular. Let K C G be compact and ¢ > 0. Then there is an f € L'(G) with
supp(f) € (K1) and | fllc-(cp|l < 1 such that |(b, £)| > [b] — . So f* € L!(C)
with || llc(@) = [fllo-(e) < 1 and supp(f*) C K* such that (5, £*)] = |(b, /)| >
Ib]] — € = ||b]| — € since ||b]| = ||b]| (see Eymard [8], (2.15)). Hence, b € B*(G) by
Corollary 3.8. -

Let b = b, + bs be the Lebesgue-type decomposition of b. Then b= (by) + (bs).
It is clear that @ € A(G) by the definition of A(G) and also @ € B*(@) with
181 = 11l = 1wl +1bs] = |(ba)]| +[I(bs)]- By the uniqueness of the decomposition,
b= @ + (/b\:) is the Lebesgue-type decomposition of b.

If b is hermitian, then b = b. So by the uniqueness of the Lebesgue-type decom-

position of b, b, = (b,) and bs = (bs). Therefore, both b, and b, are hermitian. It
is clear that if both b, and by are hermitian, then so is b = b, + bs. (|

Now we show that B*(G) is invariant with respect to the subgroups and the
quotient groups.

Let N be an open subgroup of a locally compact group G. By (2.31) of Eymard
[8], if G is amenable, then the restriction b — b|N is a surjective homomorphism
of the Banach algebra B(G) onto B(N). If b € B*(G), then the restriction b|N €
B(N) may not be in B¥(N). In fact, if N is a compact open subgroup of a non-
compact locally compact group G, then B*(N) = {0}. So 1¢|N = 1y ¢ B*(N).
But 1¢ € B*(G) (see Theorem 5.3).

Let N be a subgroup of G. For each function f on N, f° denotes a function
defined on G which is f on N and 0 on G ~ N.

Proposition 4.8. Let G be an amenable locally compact group. If N is an open
subgroup of G, then b — b° is a linear isometry from B(N) into B(G). Furthermore,
if b€ B5(N), then b° € B*(G).

Proof. Since G is amenable, N is amenable and A(N) has a bounded approximate
identity {a;} such that ||a;|| — 1. Thus, a;b — b in the o(B(N), C*(N))-topology
for all b € B(N). Since A(N) is identified with a subalgebra of A(G) (see Herz
[13], Proposition 5) and a;b € A(N) C B(G), b° = lim; a;b in the o(B(G), C*(G))-
topology and b° is in B(G) for all b € B(N). Furthermore, we have

bl 5wy < @ llaibllpny = @ llaibll A
= @HainA(G) = @Haiboﬂfx(c) < 16°[lB(a)-
On the other hand, by (2.31) in Eymard [§],
16°1B(cy < 16° [N By = [1B]l B()-

So [|6°llB(ay = I|bll(wy- It is clear that b — b° is linear. Therefore it is a linear
isometry.

Suppose b € B*(N) with ||b]| = 1. Let € > 0 and a compact subset K of G be
given. Then N N K is a compact subset of N. Since b € B*(N), by Corollary 3.8,
there is an f € L'(N) such that supp(f) C (NN K)S, ||f]l <1 and |(f,b)] > 1 —e.
Hence f° € LY(G) such that supp(f°) C K¢ [[f°lc-) = [Ifllcen)y < 1 (see
Eymard [8], (2.31)) and |(f°,0°)| = |{f,b)| > 1 —e. So b° € B*(G). |
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The following example shows that B*(G) may not be a subalgebra of B(G) even
when G is abelian (also see Hewitt and Ross [14], (19.21) and (19.26)). It is known
that A(G) is an ideal of B(G).

Example 4.9. Let G be an amenable discrete group with two infinite cyclic sub-
groups G4 and Gy, where a and b are generators of G, and Gy, respectively. Suppose
Go NGy ={e}. Then lg, € B*(G,) and 1g, € B*(Gy) (see Theorem 5.3) imply
1g,,1g, € B*(G) by Proposition 4.8. But 1 1g, = 11y ¢ B*(G). So B*(Q) is
not a subalgebra of B(G).

Let N be a closed normal subgroup of G. Then B(G/N) is identified with a
subspace of B(G) consisting of functions which are constant on equivalence classes
modulo N (see Eymard [8], (2.26)).

Proposition 4.10. If N is a compact normal subgroup of G, then B*(G/N) is
identified with a subspace of B*(G) consisting of functions in B*(G) which are
constant on equivalence classes modulo N .

Proof. Suppose b € B%(G/N) with ||b]| = 1. Let ¢ > 0 and a compact subset K of
G be given. Then 7y (K) is a compact subset of G/N, where nny : G — G/N is
the canonical map. Since b € B*(G/N), by Corollary 3.8, there is an f € L'(G/N)
such that supp(f) C (mn(K))S, ||f]l <1 and [(f,b)] > 1 —e. Hence f € L'(G) such
that supp(f) € (KN)® C K¢, ||fllc«@) = [[fllcxc/n) < 1 (by Corollary 3.6) and
[{(f,b)] >1—e€. Sobe B°(G) by Corollary 3.8. O

5. SOME APPLICATIONS

In this section we will have two applications. The Banach space X is said to
have the Dunford-Pettis property (DPP for short) if, for any Banach space Y,
every weakly compact linear operator v : X — Y sends weak Cauchy sequences into
norm convergent sequences. See Diestel [6] for more information on this property.
Lau and Ulger [15] (Theorem 4.2) proved that B(G) has the DPP if and only if
G is a Moore group (see Palmer [17] for Moore groups). We extend this result to
B,(G).

Proposition 5.1. Let G be a locally compact group. Then A(G) is complemented
in B,(G) and in B(G).

Proof. This is an immediate consequence of Theorem 2.1 since A(G) C B,(G). O

Theorem 5.2. Let G be a locally compact group. Then the following are equivalent:

(1) G € [MOORE].

(2) B(G) has the DPP.
(3) A(G) has the DPP.
(4) B,(G) has the DPP.

Proof. (1) <= (2) This is proved in Theorem 4.2 of Lau and Ulger [15].

(1) <= (3) It follows from Bunce [3] and Theorem 4.2 of Lau and Ulger [15] that
A(G) has the DPP if and only if VN (G) is Type I finite if and only if G € MOORE].

(1) = (4) Let G €]MOORE]. Then G is amenable (see Palmer [17], p. 298).
So B,(G) = B(G) has the DPP.

(4) = (3) If B,(G) has the DPP, then A(G) has the DPP since the subspace
A(G) is complemented in B,(G) by Proposition 5.1 (see Diestel [6]). O
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Theorem 5.3. Let G be a locally compact group. If G is noncompact, then 1 €
B*(G). Consequently, |1+ al| =1+ |la| for all a € A(G).

Proof. Suppose that z,, € G and x,, — co. Let 1 = b, + bs be the Lebesgue-type
decomposition of 1 € B(G). Then

1= <1751n> = <bu75wn> + <b5751n>'

Since (b, d;,) — 0 as n — oo, we have (bs,d,,) — 1 as n — oo. Hence ||bs]| > 1.
Since |1]] = {1,€) = 1 (see Eymard [8], (2.6)) and [[1]| = [lbu]l + [b,]l, Iball = 0.
Therefore b, = 0 and 1 € B*(G). So ||[1 + a|| = 1 + ||a|| for all a € A(G). O

Remarks 5.4. (a) If G is compact, then obviously this is not true.

(b) Let G be a noncompact amenable locally compact group. If K is a compact
subset of G and € > 0, then it is known that there is an ax € A(G) such that ax = 1
on K, |lak| <1+ ¢ and supp(ax) is compact. By our Theorem 5.8, we have the
following estimation of the norm of 1 — ay:

2<|l—ak||=1+|ax]| <2+e.

(c) If G is abelian and noncompact, then the dual group G is not discrete.
This theorem means that (|6 + fllpay = 1+ fll1 for all f € LY(G) where é is the

unit of G.

6. THE CASE OF p # 2

If we have a p-version decomposition theorem as Theorem 2.1, then the proofs
of our main results in this paper work for p # 2. So there would be a p-version
for each of our main results in this paper (see section 3). But we do not know
whether this p-version decomposition theorem is true. In this section, we will prove
a p-version characterization theorem as Corollary 3.9 for amenable locally compact
groups.

The Figa-Talamanca-Herz algebra A,(G) is the space of functions u : G — C
which can be represented, nonuniquely, as

u= Zvn * Uy for u, € LP(G) and v, € LYG) with Z lunllpllvnlly < oo

n=1 n=1

and ||u| = inf Y07 [lunllpllvnllg, where the infimum is taken over all possible
representations of v and % + % = 1. It is known that A,(G) is a regular taube-
rian algebra under the pointwise multiplication, A3(G) = A(G) and A,(G) has a
bounded approximate identity if and only if G is amenable. Each f € L!(G) defines
a bounded linear functional on A,(G) by

(f,u) :/G f(z) u(z)dz for ue Ap(G).

*

The norm of f as an element of A,(G)* and the operator norm of f as an element

of B(LP(G)) are the same; that is,

£l a,6) = sup [(f,uw)] and | fllse) = sup If*gllp
u€A,(G),|lul|<1 geLP(G),llgllp<1
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are equal. It follows that L!(G) is a subspace of A,(G)*. Let PF,(G) be the closure
of L'(G) in A,(G)* with respect to the norm topology. When p = 2, PFy(G) is
C;(G), the reduced group C*-algebra of G.

B, (Q) is the pointwise multiplier algebra of A, (G), consisting of the continuous
functions v on G such that uv € A,(G) for all u € A,(G). The norm on B,(G) is
defined by

lvlB, @) = sup{llvulla, @) and [lulla, @) <1}

Observe that A,(G) C B,(G) and if v € Ay(G), [[vlB,@) < [[v]la,(@)- It has been
shown that PF,(G)* = B,(G) if and only if G is amenable (see Cowling [4]), in
this case, for any b € B,,(G), b € PF,(G)* is defined by (b, f) = [, b(t) f(t)dt for
f € LYG) and By(G) = B(G).

Let B,(G) be the subset of B,(G) consisting of all elements b € B,(G) that
satisfy the following statement: For any e > 0, there is a compact subset K C G
such that [(f,b)| < e for all f € LY(G) with ||f||pF, ) < 1 and supp(f) C K°.

Proposition 6.1. Let G be a locally compact group. Then A,(G) C EP(G).

Proof. Suppose that a € A,(G) and let € > 0 be given. Since the subspace of LP(G)
(or LY(G)) consisting of the elements with compact support is dense in LP(G) (or
L1(@)), by the definition of A,(G), |la — Y 0; *u;|| < € for some u; € LP(G)

=1

and v; € L9(G) with compact support (i = 1,2,...,n). Let K be the support

of > ¥ ¥ u;. Then K is compact. For any f € L'(G) with || f||pg,c) < 1 and
i=1
supp(f) C K¢, we have

n n
[(foa)l = [(fra—= tixu)| <lla=_ 0xull <e.
=1 i=1

Therefore, a € EP(G). |

Corollary 6.2. Let G be an amenable locally compact group. Then A,(G) =
By(G).

Proof. We only show that B,(G) C A,(G). Let b € B,(G). For any € > 0, there is a
compact subset K of G such that |(f,b)| < e for all f € LY(G) with || f||pr,c) <1
and supp(f) C K°. Since G is amenable, there is an a € A,(G) with a =1 on K
and [lal| < 2. For any f € L'(G) with ||f|pp, () < 1, then f —af € L'(G) with
Il f—afllpr,(a) < 3. Also, supp(f—af) C K¢ Hence, [(b—ab, )| = (b, f—af)| < 3e.
Hence ||b — ab|| < 3e. It follows from the facts that ab € A,(G) and A,(G) is norm
closed in B,(G) that b € A,(G). Therefore, B,(G) C A,(G) and B,(G) = A,(G)
by Proposition 6.1. O
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